In the present paper, we investigate in Dunkl analysis, the action of some fundamental operators on the atomic Hardy space H 1 k .
Introduction
In the classical complex analysis, the Hardy spaces were introduced by Hardy [10] to characterize boundary values of analytic functions on the unit disk. The onedimensional atomic decomposition of the Hardy spaces is due to Coifman [4] and its higher-dimensional extension to Latter [11] . Using the atomic decomposition Coifman and Weiss [5] extended the definition of the Hardy spaces to more general structures.
In this paper, we consider the harmonic analysis on the Euclidean space R Inspired by the definition of usual atomic Hardy spaces, we call L R + being a positive root system and ., . the standard Euclidean scalar product on R d (see next section). We denote by L
. We define the atomic Hardy space
Here the infimum is taken over all atomic decompositions of f .
The aim of this paper is to investigate the action of some fundamental operators on the atomic Hardy space
. First, we consider the Riesz transforms which are the operators R k j , j = 1, ..., d (see [3, 16] 
where τ x is the Dunkl translation operator and
We show that R
Some results on the Hardy space H 1 k
3
It was proved in [3] that the Riesz transform R k j is of a weak-type (1,1) and it can be extended to a bounded operator from L p k (R d ) into it self for 1 < p < +∞:
Second, we prove that for f in H 1 k (R d ), the Dunkl transform F k which enjoys properties similar to those of the classical Fourier transform (see next section), satisfies the inequality [1] , Section 4, Lemma 1) and gives the Hardy-Littlewood-Paley inequality
Finally, we establish that for all f in
where H k is a Hardy-type averaging operator given by
with B x = B(0, x ) is the ball of radius x centered at 0. The case 1 < p < +∞ was obtained for f in L p k (R d ) (see [2] ) and gives the weighted Hardy inequality
This is an extension to the Dunkl theory of the results obtained in the classical harmonic analysis (see [9, 10, 14] ).
The contents of this paper are as follows. In section 2, we collect some basic definitions and results about harmonic analysis associated with the rational Dunkl operators. In section 3, we investigate in three subsection, the action respectively of the Riesz transforms R k j , j = 1, ..., d, the Dunkl transform F k and the Hardy-type averaging operator H k , on the atomic Hardy spaces
Along this paper, we denote ., . the usual Euclidean inner product in R d as well as its extension to
x, x and we use c to represent a suitable positive constant which is not necessarily the same in each occurrence. Furthermore, we denote by
the Schwartz space of functions in E(R d ) which are rapidly decreasing as well as their derivatives.
• D(R d ) the subspace of E(R d ) of compactly supported functions.
Preliminaries
In this section, we recall some notations and results in Dunkl theory and we refer for more details to [7, 8, 12] and the surveys [13] .
Let G be a finite reflection group on R d , associated with a root system R. For α ∈ R, we denote by H α the hyperplane orthogonal to α. For a given β ∈ R d \ α∈R H α , we fix a positive subsystem R + = {α ∈ R : α, β > 0}. We denote by k a nonnegative multiplicity function defined on R with the property that k is G-invariant. We associate with k the index
and a weighted measure ν k given by
) is a space of homogeneous type, that is, there exists a constant c > 0 such that
where B(x, r) is the closed ball of radius r centered at x (see [14] , Ch.1).
We introduce the Mehta-type constant c k by
By using the homogeneity of degree 2γ of w k , it was shown in [8] 
The function F is integrable with respect to the measure r 2γ+d−1 dr on [0, +∞) and we have
where S d−1 is the unit sphere on R d with the normalized surface measure dσ and
.
In particular,
The Dunkl operators T j , 1 ≤ j ≤ d , on R d associated with the reflection group G and the multiplicity function k are the first-order differential-difference operators given by
where ρ α is the reflection on the hyperplane H α and α j = α, e j , (e 1 , . . . , e d ) being the canonical basis of R d .
Remark 2.1 In the case k ≡ 0, the weighted function w k ≡ 1 and the measure ν k associated to the Dunkl operators coincide with the Lebesgue measure. The T j are reduced to the corresponding partial derivatives. Therefore, the Dunkl theory can be viewed as a generalization of the classical Fourier analysis.
admits a unique analytic solution on R d , denoted by E k (x, y) and called the Dunkl kernel. This kernel has a unique holomorphic extension to
3)
We list some known properties of this transform:
ii) The Dunkl transform is an automorphism on the Schwartz space S(R d ).
iii) When both f and
Notice that for all
As an operator on
, τ x is bounded. According to ([15] , Theorem 3.7), the operator τ x can be extended to the space of radial functions
(see [16] ) The Riesz transforms R k j , j = 1...d, are multiplier operators given by
It was proved in [3] that for f ∈ L 2 k (R d ) with compact support and for all
where the kernel
Using the Calderón-Zygmund decomposition, the authors in [3] showed that the Riesz transform R k j is of a weak-type (1,1) and it can be extended to a bounded operator from L p k (R d ) into it self for 1 < p < +∞.
Some results on the Hardy space H 1 k
We begin with a remark and an example.
Remark 3.1 By the definition given in the introduction, if a is an L 2 k -atom, then
with h 2,k = 1 and let (B j ) j∈N be a family of balls such that
The average of h over B j is given by
Then we obtain,
Riesz transform on the Hardy space
In this section, we prove that the Riesz transforms are bounded operators from
. Before, we need to prove a useful lemma.
Lemma 3.1 There exists a constant c > 0 such that for all L 2 k -atom a, we have
If we put B * = B(y 0 , 4r) and Q = g∈G g.B * , then we can write
From (1.1), the Riesz transform R k j is of strong-type (2, 2), then using Hölder's inequality, we obtain
, where |G| is the order of G. This gives that 
Since y ∈ B, we obtain from (2.6)
and by the remark 3.1, we deduce that
Combining (3.1) and (3.2), we conclude that
Since R k j is of weak-type (1, 1), we assert that
, and clearly
Now using the fact that
have both terms in the sum in (3.3) converge to zero as N → +∞. Hence, we deduce that
e. Using the lemma 3.1, we can assert
. This proves our result.
) is continuous at zero if and only if F k (f )(0) = 0, which gives that
Dunkl transform on the Hardy space
In this section, we study the Dunkl transform on the space
. Before, we need to prove a useful result. Proof. By virtue of the condition iii) for an L 2 k -atom, we have for
Using mean value theorem and (2.3), we get for
According to the remark 3.1, we can assert that
which proves the result.
k -atom supported in the ball B = B(0, R). We write
Using the lemma 3.2 and (2.2), we can estimate I 1 as follows
To estimate I 2 , we use Hölder's inequality, Plancherel's theorem for the Dunkl transform F k , and (2.2)
Hence, from (3.3) and (3.4), we obtain
Using (3.6), this gives
thus the proof is completed.
Hardy inequality for H
In this section, we give a Hardy-type inequality on
Recall that the Hardytype averaging operator H k is given by
In order to establish the result, we need to show the following lemma.
Proof. Let a be an L 
By the property ii) of a and (2.2), we deduce that λ j H k a j , a.e.
Finally, using Lemma 3.3, we can assert that
|λ j |,
. This completes the proof.
